Casimir densities for a spherical brane in Rindler-like spacetimes 
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Abstract 



Wightman function, the vacuum expectation values of the field square and the energy- 
momentum tensor are evaluated for a scalar field obeying mixed boundary condition on 
a spherical brane in (D + l)-dimensional Rindler-like spacetime Ri x S ^ 1 , where Ri is a 
two-dimensional Rindler spacetime. This spacetime approximates the near horizon geometry 
of (D + l)-dimensional black hole in the large mass limit. The vacuum expectation values 
■^j- ■ are presented as the sum of boundary- free and brane-induced parts. Further we extract 

from the Wightman function for the boundary-free geometry the corresponding function in 
the bulk R? x S D ~ X . For the latter geometry the vacuum expectation values of the field 
square and the energy-momentum tensor do not depend on the spacetime point. For the 
renormalization of these quantities we use zeta regularization technique. Various limiting 



cases of the brane-induced vacuum expectation values are investigated. 



PACS number(s): 03.70. +k, 04.62. +v, ll.10.Kk 



1 Introduction 



Motivated by string/M theory, the AdS/CFT correspondence, and the hierarchy problem of 
particle physics, braneworld models were studied actively in recent years [l]-[4]. In this models, 
our universe is realized as a boundary of a higher dimensional spacetime. In particular, a well 
studied example is when the bulk is an AdS space. In the cosmological context, embedding of 
a four dimensional Friedmann-Robertson- Walker universe was also considered when the bulk is 
described by AdS or AdS black hole [5, 6]. In the latter case, the mass of the black hole was 
found to effectively act as an energy density on the brane with the same equation of state of 
radiation. Representing radiation as conformal matter and exploiting AdS/CFT correspondence, 
the Cardy-Verlinde formula [7] for the entropy was found for the universe (for the entropy 
formula in the case of dS black hole see [8]). Moreover, in the AdS/CFT correspondence, the 
case of a bulk AdS black hole represents a different phase of the same theory and there is the 
exciting connection that a transition between an ordinary bulk AdS and a bulk AdS black hole 
corresponds to the confinement-de confinement transition in the dual CFT [9]. Therefore it 
seems interesting to generalize the study of quantum effects due to bulk AdS black holes. 

The investigation of quantum effects in braneworld models is of considerable phenomenologi- 
cal interest, both in particle physics and in cosmology. The braneworld corresponds to a manifold 
with dynamical boundaries and all fields which propagate in the bulk will give Casimir-type con- 
tributions to the vacuum energy (for reviews of the Casimir effect see Refs. [10]), and as a result 
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to the vacuum forces acting on the branes. In dependence of the type of a field and boundary- 
conditions imposed, these forces can either stabilize or destabilize the braneworld. In addition, 
the Casimir energy gives a contribution to both the brane and bulk cosmological constants and, 
hence, has to be taken into account in the self-consistent formulation of the braneworld dy- 
namics. Motivated by these, the role of quantum effects in braneworld scenarios has received a 
great deal of attention. For a conformally coupled scalar this effect was initially studied in Ref. 
[11] in the context of M-theory, and subsequently in Refs. [12, 13] for a background Randall- 
Sundrum geometry. The models with dS and AdS branes, and higher dimensional brane models 
are considered as well [14]. 

In view of these recent developments, it seems interesting to generalize the study of quantum 
effects to other types of bulk spacetimes. In particular, it is of interest to consider non-Poincare 
invariant braneworlds, both to better understand the mechanism of localized gravity and for 
possible cosmological applications. Bulk geometries generated by higher-dimensional black holes 
are of special interest. In these models , the tension and the position of the brane are tuned in 
terms of black hole mass and cosmological constant and brane gravity trapping occurs in just the 
same way as in the Randall-Sundrum model. Braneworlds in the background of the AdS black 
hole were studied in [6]. Like pure AdS space the AdS black hole may be superstring vacuum. 
It is of interest to note that the phase transitions which may be interpreted as confinement- 
deconfinement transition in AdS/CFT setup may occur between pure AdS and AdS black hole 
[9] . Though, in the generic black hole background the investigation of brane- induced quantum 
effects is techniqally complicated, the exact analytical results can be obtained in the near horizon 
and large mass limit when the brane is close to the black hole horizon. In this limit the black 
hole geometry may be approximated by the Rindler-like manifold (for some investigations of 
quantum effects on background of Rindler-like spacetimes see [15] and references therein). In 
the present paper we investigate the Wightman function, the vacuum expectation values of 
the field square and the energy-momentum tensor for a scalar field with an arbitrary curvature 
coupling parameter for the spherical brane on the bulk Ri x S D ~ l , where Ri is a two-dimensional 
Rindler spacetime. Note that the corresponding quantities induced by a single and two parallel 
flat branes in the bulk geometry Ri x R " 1 for both scalar and electromagnetic fields are 
investigated in [16]. This problem is also of separate interest as an example with gravitational 
and boundary-induced polarizations of the vacuum, where all calculations can be performed in 
a closed form. The paper is organized as follows. In section 2 we consider the positive frequency 
Wightman function in the region between the brane and Rindler horizon. This function is 
presented as the sum of boundary-free and boundary-induced parts. The vacuum expectation 
values for the boundary-free geometry are investigated in section 3. The vacuum expectation 
values induced by a spherical brane are studied in section 4. Section 5 summarizes the main 
results of the paper. 



2 Wightman function 

Let us consider a scalar field (p{x) propagating on background of (D + l)-dimensional Rindler- 
like spacetime Ri x S 0-1 , where Ri is a two-dimensional Rindler spacetime. The corresponding 
metric is described by the line element 

ds 2 = edT 2 -df-r 2 H d^ 2 D-i, (1) 

with the Rindler-like (r, £) part and dT, 2 D _ l is the line element for the space with positive constant 
curvature with the Ricci scalar R = (D — 2){D — l)/r 2 H . Line element (1) describes the near 
horizon geometry of (D + l)-dimensional topological black hole with the line element [17] 

ds 2 = A H {r)dt 2 - -f— - r 2 dS^_ 1 , (2) 



2 



where 

r 2 n+2 

A H (r)=k+ ¥ -^, n = D-2, (3) 

and the parameter k classifies the horizon topology, with k = 0,-1,1 corresponding to flat, 
hyperbolic, and elliptic horizons, respectively. In (3) the parameter I is related to the bulk 
cosmological constant and the parameter tq depends on the mass of the black hole and on the 
bulk gravitational constant. In the non extremal case the function An(r) has a simple zero at 
r = rn- In the near horizon limit, introducing new coordinates r and p in accordance with 

T =±A> H (r H )t, r -r H = ^A' H (r H )e, (4) 

the line element is written in the form (1). Note that for a (D + l)-dimensional Schwarzschild 
black hole [18] one has Ah(t) = 1 — (r///r) D ~ 2 and, hence, A' H (rn) = n/rn- 
The field equation is in the form 

(V^Vfc + m 2 + CR) <p{x) = 0, (5) 

where ( is the curvature coupling parameter. Below we will assume that the field satisfies the 
Robin boundary condition on the hypersurface £ = a: 

A + B^<p = 0, £ = a, (6) 

with constant coefficients A and B. The Dirichlet and Neumann boundary conditions are ob- 
tained as special cases. In accordance with (4), the hypersurface £ = a corresponds to the 
spherical shell near the black hole horizon with the radius r a = ru + A' H (rH)a 2 /4. Here we 
consider the general case of the ratio A/B. The application to the braneworld scenario will be 
given below. 

To evaluate the vacuum expectation values of the field square and the energy-momentum 
tensor we need a complete set of eigenfunctions satisfying the boundary condition (6). Below 
we shall use the hyperspherical angular coordinates = 62, ■ ■ ■ , n , </>) on S D ~ l with 

< Ok < 7r, k = 1, . . . , n, and < cf) < 2ir. In these coordinates the variables are separated and 
the eigenfunctions can be written in the form 

^a(x) = C a f(0Y(m k ;ti, ^e"^, (7) 

where = (mo = I, mi, . . . m n ), and mi,m2, ■ ■ ■ m n are integers such that 

< m n _i <■■■ <mi<l, -m n -i < m n < m n _i, (8) 

y(m/ c ; , (?, 4>) is the surface harmonic of degree I [19]. Substituting this into Eq. (5) we see that 
the function /(£) satisfies the equation 

4(4) +( ^ 2A?)/<0 =°- (9) 

with the notation 

1 



\ l = — Jl(l + n) + (n(n+ 1) +m 2 r%. (10) 
r H V 

The linearly independent solutions to (9) are the Bessel modified functions I±iuj(XiC) and ^^(A^) 
with the imaginary order. 
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In the region < £ < a the solution to (9) satisfying boundary condition (6) has the form 

/(0 = ZM, A,a) = /MArf) " fi^h iU^iO, (11) 

where for a given function we use the notation 

F(z) = AF{z)+bzF'{z) = 0, b = B/a. (12) 
The coefficient C Q in (7) can be found from the normalization condition 

J \<p a (x)\ 2 ^QdV = i-, (13) 

where the integration goes over the region between the horizon and the sphere. Substituting 
eigenfunctions (7), using the relation 

J \Y(m k -$A)\ 2 dn = N{m k ) (14) 

for spherical harmonics, one finds 



1 / sinhc<J7r 
K\r n H +1 N{m k ) 



C <X--\\ 7- (I 5 ) 



The explicit form for N{m k ) is given in [19] and will not be necessary for the following consid- 
erations in this paper. 

First of all we evaluate the positive frequency Wightman function 

G + (x,x') = (0\^x)<p(x')\0), (16) 

where |0) is the amplitude for the corresponding vacuum state. By expanding the field operator 
over eigenfunctions and using the commutation relations one can see that 

G + (x,x')=J2^(x)<p* a ^')- (17) 

a 

Substituting eigenfunctions (7) with the function (11) into this mode sum and by making use 
the addition theorem 

ElvFT-^^" 1 *^'^" 1 *^''^) = ^^Vs^, (18) 

for the Wightman function one finds 

,1-D 00 
H_ 

ir 2 nSD 



G + (x,x') = ^f—Y j (2l + n)C; /2 ( C o S 6) 



1=0 

00 

x 



roo 

/ ^sinh(^7r) e -^^')z^(A i e,A i a)^(A^ , ,A / a). (19) 
J 

In (18), S D = 2tt d / 2 /T(D/2) is the total area of the surface of the unit sphere in D-dimensional 
space, C^ 2 (x) is the Gegenbauer or ultraspherical polynomial of degree / and order n/2, 9 is 
the angle between directions ($,(/)) and </>'), and the sum is taken over the integer values 
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mfc, k = 1, 2 . . . in accordance with (8). To transform the expression on the right of (19), we 
present the product of the functions in the form 

ZM,\a)Z*J\e,\a) = KUXOKU^+ l^^ 

a smn irui 

x Ij<ruj(^Qlicru(^£') ^0) 

On the base of this formula from (19) one finds 

l-D oo 

G + {x,x>) = G+( a ;, a ;') + 2 ^-^^(2/ + n)C; t/2 (cos0) 

x I™ due-^-r>) RUka) J- WyWM^ (21) 

where the part 

r l-D oo 
D 1=0 

POD 

x / ^sinh(^)e-^( T - T ')^(A i e)^(A^') (22) 
Jo 



does not depend on the parameter a determining the radius of the spherical shell and corresponds 
to the Wightman function in the situation when the spherical shell is absent. Assuming that the 
function /^(Aa) (/_j^(Aa)) has no zeros for —ir/2< argw < (0 < argw < vr/2) we can rotate 
the integration contour over to by angle — 7r/2 for the term with a = 1 and by angle n/2 for the 
term with a = — 1. The integrals taken around the arcs of large radius tend to zero under the 
condition < a 2 el T ~ T I (note that, in particular, this is the case in the coincidence limit for 
the region under consideration). As a result for the Wightman function one obtains 

G+(x,x') = G+(x,x') + M*Mz')> (fe) , (23) 

where for the sphere-induced part one has 

(<p(xMx>))^ = __^_^ (2 ; + n)C; /2 (cos0) 
7rn D 1=0 



X 



f°° dwBj^UXiOUH') cosher - r% (24) 
Jo Ioj{Ma) 



For the points away the brane this part is finite in the coincidence limit. 

We have investigated the Whightman function in the region between the horizon and the 
boundary located at £ = a for an arbitrary ratio of boundary coefficients A/B. In the corre- 
sponding braneworld scenario the geometry is made up by two slices of the region < £ < a 
glued together at the brane with a orbifold-type symmetry condition analogous to that in the 
Randall-Sundrum model and the ratio A/B for bulk scalars is related to the brane mass param- 
eter of the field and the extrinsic curvature of the brane. The corresponding formula is obtained 
by the way similar to that in the case of the Randall-Sundrum braneworld (see, for instance, 
[13, 20]). For this we note that in braneworlds the action for a scalar field with general curva- 
ture coupling parameter, in addition to the bulk action contains a surface action in the form 
J d D ~ l x\fh{c + (K)ip 2 , where the integration goes over the brane, h is the absolute value of the 
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determinant for the corresponding induced metric, c is the brane mass parameter for the field, 
and K is the extrinsic curvature scalar for the brane. This action gives <5-type contributions to 
the field equation located on the brane. Now the eigenfunctions for the quantized bulk scalar 
field can be written in the form (7), where the function /(£) is a solution to the equation which 
differs from (9) by the presence of the term — (c + (K)^ 2 f(£)5(£ — a) on the right hand side. 
To obtain the boundary condition for the function /(£) we integrate the corresponding equation 
about £ = a. Assuming that the function /(£) is continuous at this point one finds 

= (c + (K)f(a). (25) 

£=<2— e 



hm — 

6^0 d£ 



For an untwisted scalar field we have /(£) = f(2a — £) and from (25) we obtain the boundary 
condition in the form (6) with 

A 1 / C 



B 



(26) 



where we have taken into account that for the boundary under consideration K = —1/a. For 
a twisted scalar /(£) = —/(2a — £) and from (25) we obtain the Dirichlet boundary condition. 
Note that in the braneworld bulk the integration in the normalization integral goes over two 
copies of the bulk manifold. This leads to the additional coefficient 1/2 in the expression (15) for 
the normalization coefficient C a . Hence, the Whightman function in the orbifolded braneworld 
case is given by formula (23) with an additional factor 1/2 in formulae (22), (24). As it has been 
mentioned above this function corresponds to the braneworld in the AdS black hole bulk in the 
limit when the brane is close to the black hole horizon. 



3 Boundary-free geometry 



In this section we will consider the vacuum expectation values for the geometry without bound- 
aries. First of all we note that the corresponding Wightman function can be presented in the 
form 

,1-D oo 
H_ 

-K 2 nSo 



G+ (*,*') = G+(x,x')-^f—J2( 2l + n K /2 ( cose ) 



1=0 

/•oo 

x / duje-^cos[u{T-T')\KUh(i)KUh(i'), (27) 
Jo 



with the function 



,1-D oo 
H_ 

n*nS D i=Q 

roo 

x / dio coshVfvr - i(r - T , )]}K iul (\ l S)K iul (\ l ?)- (28) 
Jo 



In this formula the cj-integral can be evaluated with the result 

r ^-D oo 



xK (A /v / e 2 + e' 2 -2^ / cosh(r-r')) . (29) 

It can be checked that this function is the Wightman function for the bulk geometry R 2 x S ^ 1 
described by the line element 

ds 2 = dt 2 - (dx 1 ) 2 - r 2 H dY? D ^, (30) 
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where the coordinates (t,x v ) are related to the coordinates (r, £) by formulas t = £sinhr, 
x 1 = ^coshr. To see this we note that the normalized eigenfunctions corresponding to this 
geometry are given by the formula 

ip a {x) = ==^, (31) 

^™ l N{m k )r n H +1 

where a = (ki,rrik) and w 2 = /c 2 + A 2 , with A; defined by relation (10). Substituting these 
functions into the corresponding mode sum and evaluating the /ci-integral, for the case \x l — x y \ > 
\t — t'\ one finds 

G^(x,x') = ^2<p a (x)(p^(a/) 

a 

l—D oo 

= E( 2/ + n)C^\cose)K (W^ 1 " x 1 ') 2 - (t - t') 2 ) • (32) 

D 1=0 

Noting that £ 2 + £' 2 — 2££' cosh(r — r') = (x 1 — x 1 ') 2 — (t — t') 2 we see that this formula coincides 
with (29). 

In formula (27), the divergences in the coincidence limit are contained in the term Gq(x,x') 
and, hence, the renormalization is needed for this term only. Now we turn to the evoluation 
of the vacuum expectation values of the field square and the energy-momentum tensor for the 
geometry R 2 x S 0-1 described by the line element (30). The amplitude of the corresponding 
vacuum state we will denote by |0). First of all note that from the problem symmetry it follows 
that the expectation values (0|(/? 2 |0), (0t\T-\0) do not depend on the point of observation and 

<0|T °|6) = (6IT/I6), (33) 
<6|T 2 |6) = ... = <0|2#|0>. 

The component (6|T 2 2 |0) can be expressed through the energy density by using the trace relation 

T\ = D(( - C C )V,VV 2 + mV- (34) 

From this relation it follows that 

(6|T 2 |6) = ^-j (m 2 <0V|0> - 2<6|T °|6» . (35) 

Hence, it is sufficient to find the renormalized vacuum expectation values of the field square and 
the energy density. Using the eigenmodes (31), these quantities are presented as mode sums 

(oV|6> = f° *E-rn> ( 36 ) 



-n-2 p+oo 

<6|r °|6> = its^J^ dk iJ2 D ^ k ^ (37) 



with the notation rji(x) = J x 2 + r 2 H X 2 . In this formulas 
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is the degeneracy of each angular mode with given I. Of course, quantities (36), (37) are divergent 
and some renormalization procedure is needed. As such a procedure we will use the zeta function 
technique. Let us define the zeta function 

/+oo 00 

■°° 1=0 

where 

00 



■22 



2=0 

00 



= ^A[(/ + n/2) 2 + 6„] *, (40) 

is the zeta function for a scalar field on the spacetime R x g n+1 and 

b n = (n(n+l)-n 2 /4 + m 2 r 2 H . (41) 

This function is well investigated in literature (see, for example, [21]) and can be presented as a 
series of incomplete zeta functions. Here we recall that the function ^ S n+i(z) is a meromorphic 
function with simple poles at z = (n + l)/2 — j, where j = 0, 1, 2, . . . for n even and < j < 

(n — l)/2 for n odd. For n even one has £s™+i(— j) = 0, j = 1, 2, Note that the function 

Cgn+i (z) can be expressed in terms of the function 

00 

F(z,c,b)=Y,[(l + c) 2 + b]- z , (42) 



for n even or its derivative for n odd as 



, , 2^ [ ^ ] 6f(6„) 0*1 ^ 



(43) 



c=n 



where rj = n/2 — [n/2] and the square brackets mean the integer part of the enclosed expression. 
In formula (43) the coefficients b^'\b n ) are defined by the relation 

[n/2] [n/2] 

I]h(« + 1-1) 2 -M = E ^(W- (44) 

9=1 i=o 

The formulas for the analytic continuation of the function F(z, c, b) can be found in [22, 23]. 
Now on the base of formulas (36), (37) we have 



:% 2 |o) = -^1t, <o|r°|5> = (.15, 



By taking into account that the quantities £5^+1(0) an d Cs n+1 (~ 1) are finite, from formula (39) 
we see that at s = 1/2 and s = —1/2 the zeta function £(s) has simple poles with residues 
(sn+i(0) and Cgn+i (— 1)/2, respectively. Hence, in general, the vacuum expectation values of 
the field square and the energy density contain the pole and finite contributions. The remained 
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pole term is a characteristic feature for the zeta function regularization method. Note that for 
n even 1) = and the energy density is finite. 

The vacuum expectation value of the field square in the boundary- free geometry Ri x S®^ 1 
is obtained from the Wightman function (27) taking the coincidence limit. Using the relation 

r n/2 m _ T(l + n) 

Cl (1) - r(n)Z! ' (46) 
for the corresponding quantity one finds 

l-D oo 

(0 |^|Oo> = (% 2 |0>-^-£a / due-^KKW), (47) 

D l=Q Jo 

where |Oo) is the amplitude for the corresponding vacuum state. For large values of £, by using 
the asymptotic formulas for the MacDonald function for large values of the argument, we can 
see that the main contribution into the second term on the right of formula (47) comes from the 
summand I = and we obtain 

l-D -2A £ 

(0 |y 2 |Oo) = (0|y 2 |0)- H 2q . f • (48) 

In the limit £ —> the second term on the right of (47) diverges. For small values £ the main 
contribution comes from large values I and this term behaves as {ru / C) D ~ l ■ Hence, near the 
horizon the boundary-free vacuum expectation value of the field square is dominated by the 
second term on the right of formula (47) and is negative. 

Now we turn to the vacuum expectation value of the energy-momentum tensor. The corre- 
sponding operator we will take in the form 



T ik = di(pd k (p + 



ip 2 , (49) 



with the trace relation (34). In (49) i?^ is the Ricci tensor for the bulk geometry and for the 
metric (1) it has components 

R lk = 0, i,fc = 0,l; (50) 

Tl 

Rik = —9ik, i,k = 2,...,D. (51) 

On the base of formula (49) the corresponding vacuum expectation values are presented in the 
form 



<Oo|T ife |0 > = lim ViV k G+(x,x') + 

T*' 



(Oo|^|Oo). (52) 



By using decomposition (27), the vacuum energy-momentum tensor is presented in the form 

(0 |T ifc |0 ) = <0|T ifc |0) + (T lk )(°\ (53) 
where the second summand on the right is given by formula (no summation over i) 



n S D f-f Jo 
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In this formula we use the notations 



/ (01 >(~)] - 



dz 



+ 1 



CO 



z dz^ 



5-« 



(*)■ 

A? 



m 



<? 2 (*), 



(56) 
(57) 



with % = 2,3, and the indices and 1 correspond to the coordinates r and £. Note that 
for a minimally coupled scalar field the energy density corresponding to (54) is negative for all 
values £. As in the case of the field square, for large values £ the vacuum expectation values (54) 
are exponentially suppressed by the factor e _2A() ^. For small values £ these expectation values 
behave as {rH/Z,) D+1 and diverge on the horizon. This type of horizon divergences is also found 
in the well-investigated example of a bulk Ri x i? D_1 (see references [16]). Here the situation 
is similar to that which takes place in the Schwarzshild black hole bulk when the quantum 
field is prepared in the Boulware vacuum [24]. In the black hole case quantities characterizing 
vacuum polarization display this singular behavior because no physical realization is possible 
of a static system whose size is arbitrarily close to the gravitational radius. The nature of 
horizon divergences in Rindler-like spacetimes is similar: no physical realization is possible to a 
coordinate system for which the lines with a fixed £ are arbitrarily close to the Rindler horizon. 
In this limit the corresponding particles would move at infinitely large acceleration. 



4 Vacuum expectation values induced by a spherical brane 

In this section we consider the vacuum expectation values induced by the presence of a spherical 
brane. On the base of formula (23) for the Whightman function, the vacuum expectation value 
for the field square is presented in the form 

(0|^|0) = (Oo|^ 2 |Oo) + (^)W, (58) 

where the second term on the right is induced by the spherical shell: 

{ipT) = _li£f; A r ' d.y^-inm. (59) 

This quantity is negative for Dirichlet boundary condition and is positive for Neumann boundary 
condition. Similar formula can be derived for the vacuum expectation value of the energy- 
momentum tensor. In accordance with the relation (23) we can write 

(0|^|0) = (Oo|^|Oo) + (T, fc )W, (60) 

where (0 |^|0 ) is the vacuum expectation value for the situation without the spherical shell 
and (Tjfc)( b ) is induced by the presence of the sphere. The latter is finite for the points away 
from the sphere surface and the horizon, and is given by formula (no summation over i) 

(Tt) {b) = -$PX>A? r^ff4^[/.(M)], (61) 
nt>D ~ Jo IuKha) 

where the expressions for the functions F^[g{z)\ are obtained from the corresponding formulas 
for the functions f^[g(z)] replacing u — ► ioj. As it has been explained in section 2, the corre- 
sponding quantities in the orbifolded braneworld version of the problem are obtained from (59), 
(61) with an additional coefficient 1/2 and boundary coefficients (26). 
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Now let us consider various limiting cases of the general formulas for the brane-induced 
vacuum expectation values. In the limit £ — > a the expectation values for both field square and 
the energy-momentum tensor diverge. These surface divergences are well known in quantum 
field theory with boundaries and are investigated for various type of boundary conditions and 
geometries. For the points near the brane the main contributions come from large values I. 
Using the uniform asymptotic expansions for the Bessel modified function, to the leading order 
one finds 

/,„2\(6) ~ 6bT (~T~? (a0\ 

\<p r ~ — - — -on-, ~ 7' ( b2 > 

(4vr) — (a-0 - 1 

for the field square and 



D(C-Cc)S B r (D + l 



for the components of the energy-momentum tensor, ( c = (D — 1)/4D is the curvature coupling 
parameter for a conformally coupled scalar, and we have introduced the notation 

*'-{X (64) 

These leading terms are the same as those for a flat brane in the Minkowski bulk. They do 
not depend on the mass and Robin coefficients and have opposite signs for Dirichlet and non- 
Dirichlet boundary conditions. The leading term in the asymptotic expansion of the component 
(r/)^) is obtained from (63) by using covariant continuity equation for the tensor (Tf This 
term behaves as (a — £) ~ D . 

For large values of the ratio ajrn the quantity X\a is large and we can replace the Bessel 
modified functions with this argument by their asymptotics for large values of the argument. 
This leads to the formulas (no summation over i) 



-2\ a A-BX 
,r^" 1 A + BX 
d^Xle" 2 ^ A - BXn 



^ » - ^ZZ J>'* M - (65) 



(66) 



with the exponential suppression of the brane-induced vacuum expectation values. 

In the near horizon limit, £/r# <C 1, with fixed a/rn, the main contributions into the u>- 
integrals come from small values to. Expanding the functions I 2 (Xi^), to the leading order one 
finds (no summation over i) 

l 2\(b) _ rl H D Z( a ) T , , ^ n K (Xia) 



<7J>W « (4C-l)^X(a) . = (6Q) 
V l/ 4vr^ 2 ln 3 (2rH/£)' V 7 

As we see the brane-induced part in the vacuum expectation value of the field square vanishes 
at the horizon, whereas the expectation values of the energy-momentum tensor diverge. Recall 
that near the horizon the boundary free part of the energy-momentum tensor behaves as £ _D_1 
and the vacuum expectation values are dominated by this part. Note that the function 1(a) is 
positive for Dirichlet boundary condition and is negative for Neumann boundary condition. In 
the large mass limit the brane induced vacuum expectation values are exponentially suppressed 
by the factor e ~ 2m{a "^ . 



/Tl\(6) ~ ^ T H Dj ( Q 
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5 Conclusion 



In this paper, we investigate the quantum vacuum effects produced by a spherical brane in the 
(D + l)-dimensional bulk Ri x S^ -1 , with Ri being a two-dimensional Rindler spacetime. The 
corresponding line element (1) describes the near horizon geometry of a non-extremal black 
hole spacetime defined by the line element (2). The case of a massive scalar field with gen- 
eral curvature coupling parameter and satisfying the Robin boundary condition on the sphere 
is considered. To derive formulas for the vacuum expectation values of the square of the field 
operator and the energy-momentum tensor, we first construct the positive frequency Wightman 
function. This function is also important in considerations of the response of a particle detector 
at a given state of motion through the vacuum under consideration [25]. The Wightman func- 
tion is presented as the sum of the Whightman function for the boundary-free geometry and 
the term induced by the presence of the spherical brane. For the points away the boundary and 
horizon the divergences in the coincidence limit are contained in the first term and hence, the 
renormalization is needed for this term only. In section 3 we have shown that the the Whight- 
man function for the boundary-free Ri x S^ -1 geometry can be presented in the form of a sum 
of the Whightman function for the boundary-free R 2 x S 0-1 geometry plus a term which is 
finite in the coincidence limit. As a result for the renormalization of the vacuum expectation 
values of the field square and the energy-momentum tensor it is sufficient to renormalize the 
corresponding quantities for the geometry R? x S D ~ l . The latter are point-independent and 
as a renormalization procedure we employ the zeta function regularization method. The corre- 
sponding zeta function can be expressed in terms of the zeta function Cs n+1 ( z ) in the geometry 
R x S n+1 , the analytic continuation for which is well investigated in literature. Alternatively the 
zeta function can be expressed in terms of the function (42). The vacuum expectation values of 
the field square and the energy-momentum tensor are expressed in terms of the zeta function by 
formulas (45). In general, they contain pole and finite contributions. In the minimal subtraction 
scheme the pole terms are omitted. As a result the vacuum expectation values of the field square 
and the energy-momentum tensor for the boundary-free Ri x S ^ 1 geometry are determined 
by formulas (47), (53), (54). On the horizon these expectation values diverge. The leading 
terms in the near horizon asymptotic expansions behave as {tr/C) ^ 1 for the field square and 
as {th /C) D+1 f° r the components of the energy- momentum tensor. The vacuum expectation 
values induced by a spherical brane in the bulk geometry Ri x S ^ 1 are investigated in section 
4. Near the brane the vacuum expectation values are dominated by the boundary parts and the 
corresponding components diverge at the brane. For non-conformally coupled scalars the leading 
terms in the corresponding asymptotic expansions are given by formulas (62), (63) and are the 
same as those for an infinite plane boundary in the Minkowski bulk. These terms do not de- 
pend on the mass and Robin coefficients and have opposite signs for Dirichlet and non-Dirichlet 
boundary conditions. For large values of the ratio a/rn the brane-induced vacuum expectation 



values are exponentially suppressed by the factor exp[— 2{a / r h) y C n { n + 1) + m 2 r 2 1 ]. For the 
points near the horizon one has £/vh <C 1 and the brane-induced vacuum expectation value of 
the field square vanishes as ln _1 (2r#/£). Unlike to the field square, the brane-induced parts 
in the vacuum expectation values of the energy-momentum tensor diverge on the horizon. In 
this paper we have considered the vacuum expectation values induced by a spherical brane in 
the region < £ < a. By the similar way the corresponding quantities for the region £ > a 
may be investigated. It can be seen that in this region the brane-induced quantities can be 
obtained from those for the region < £ < a by the replacements I u £5 K w in formulas (59) and 
(61). In the corresponding braneworld scenario the geometry is made up by two slices of the 
region < £ < a glued together at the brane with a orbifold-type symmetry condition and the 
ratio A/B for bulk scalars is related to the brane mass parameter of the field by formula (26). 
The corresponding formulae for the Wightman function and the vacuum expectation values of 
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the field square and the energy-momentum tensor are obtained from those given above with an 
additional coefficient 1/2. They describe the braneworld in the AdS black hole bulk in the limit 
when the brane is close to the black hole horizon. 

Note that in this paper we have considered quantum vacuum effects induced by boundaries 
in a prescribed background, i.e. the gravitational back-reaction of quantum effects is not taken 
into account. This back-reaction could have a profound effect on the dynamical evolution of 
the bulk model. We do not consider this important extension of the theory, but note that the 
results presented here constitute the starting point for such investigations. 

Acknowledgement 

The work of AAS was supported by the Armenian National Science and Education Fund 
(ANSEF) Grant No. 05-PS-hepth-89-70 and in part by the Armenian Ministry of Education 
and Science Grant No. 0124. AAS is grateful to the Fund Robert Boghossian & Sons. 

References 

[1] P. Horava and E. Witten, Nucl. Phys. B460, 460 (1996). 
[2] L. Maldacena, Adv. Theor. Math. Phys. 2, 231 (1998). 

[3] I. Antoniadis, N. Arkani-Hamed, S. Dimopoulos, and G. Dvali, Phys. Lett. B436, 257 
(1998); N. Arkani-Hamed, S. Dimopoulos, and G. Dvali, Phys. Lett. B436, 263 (1998). 

[4] L. Randall and R. Sundrum, Phys. Rev. Lett. 83, 3370 (1999); L. Randall and R. Sundrum, 
Phys. Rev. Lett. 83, 4690 (1999). 

[5] T. Nihei, Phys. Lett. B465, 81 (1999); C. Csaki, M. Graesser, C. Kolda, and J. Terning, 
Phys. Lett. B426, 34 (1999); N. Kaloper, Phys. Rev.D60, 123506 (1999); N. Kaloper, and 
A. D. Linde, Phys. Rev.D59, 101303 (1999); P. Binetruy, C. Deffayet, U. Ellwanger, and D. 
Langlois, Phys. Lett. B477, 285 (2000); L. Anchordoqui, C. Nunez, and K. Olsen, JHEP 
0010, 050 (2000); : S.W. Hawking, T. Hertog, and H.S. Reall, Phys. Rev. D62 043501 
(2000); D. H. Coule, Class. Quantum Grav. 18, 4265 (2001); R. Maartens, Living Rev. Rel. 
7, 7 (2004); M. R. Setare and E. C. Vagenas, Phys. Lett. B584, 127 (2004); M. R. Setare, 
Phys. Lett. B602, 1 (2004); E. Kiritsis, hep-th/0504219. 

[6] P. Krauss, JHEP 9912, 011 (1999); D. Ida, JHEP 0009, 014 (2000); C. Barcelo and M. 
Visser, Phys. Lett. B482, 183 (2000); H. Stoica, S.-H. Henry Ty, and I. Wasserman, Phys. 
Lett. B482, 205 (2000); C. Gomez, B. Janssen, and P.J. Silva, JHEP 0004, 027 (2000); A. 
Kamenshchik, U. Moshella, and V. Pasquier, Phys. Lett. B487, 7 (2000); P. Bowcock, C. 
Charmousis, and R. Gregory, Class. Quantum Grav. 17, 4745 (2000); D. Birmingham and 
M. Rinaldi, Mod. Phys. Lett. A16, 1887 (2001); C. Csaki, J. Erlich, and C. Grojean, Nucl. 
Phys. B604, 312 (2001); S. Nojiri, S. D. Odintsov, and S. Ogushi, Int. J. Mod. Phys A17, 
4809 (2002); S. Nojiri and S. D. Odintsov, Int. J. Mod. Phys A18, 2001 (2002); S. Nojiri 
and S. D. Odintsov, Phys. Lett. B562, 9 (2003). 

[7] E. Verlinde, hep-th/0008140. 

[8] M. R. Setare, Mod. Phys. Lett. A17, 2089 (2002); M. R. Setare and R. Mansouri, Int. J. 
Mod. Phys. A18, 4443 (2003); M. R. Setare and M. B. Altaie, Eur. Phys. J. C30, 273 
(2003), M. R. Setare and E. C. Vagenas, Phys. Rev. D 68, 064014 (2003). 



13 



[9] E. Witten, Adv. Theor. Math. Phys. 2, 505 (1998). 

[10] V.M. Mostepanenko, N.N. Trunov, The Casimir Effect and Its Applications, Oxford Uni- 
versity Press, Oxford, 1997; G. Plunien, B. Muller, and W. Greiner, Phys. Rep. 134, 87 
(1986); M. Bordag, U. Mohidden, and V.M. Mostepanenko, Phys. Rep. 353, 1 (2001); K.A. 
Milton, The Casimir Effect: Physical Manifestation of Zero-Point Energy, World Scientific, 
Singapore, 2002. 

[11] M. Fabinger and P. Horava, Nucl. Phys. B580, 243 (2000). 

[12] S. Nojiri, S.D. Odintsov, and S. Zerbini, Phys. Rev. D 62, 064006 (2000); S. Nojiri and 
S. Odintsov, Phys. Lett. B 484, 119 (2000); D.J. Toms, Phys. Lett. B 484, 149 (2000); S. 
Nojiri, O. Obregon, and S.D. Odintsov, Phys. Rev. D 62, 104003 (2000); W. Goldberger 
and I. Rothstein, Phys. Lett. B 491, 339 (2000); S. Nojiri and S. Odintsov, JHEP 0007, 
049 (2000); J. Garriga, O. Pujolas, and T. Tanaka, Nucl. Phys. B605, 192 (2001); A. Flachi 
and D.J. Toms, Nucl. Phys. B599, 305 (2001); I. Brevik, K.A. Milton, S. Nojiri, and S.D. 
Odintsov, Nucl. Phys. B599, 305 (2001); A. Flachi, I.G. Moss, and D.J. Toms, Phys. Lett. 
B 518, 153 (2001); A. Flachi, I.G. Moss, and D.J. Toms, Phys. Rev. D 64, 105029 (2001); 
A. A. Saharian and M.R. Setare, Phys. Lett. B 552, 119 (2003); E. Elizalde, S. Nojiri, S.D. 
Odintsov, and S. Ogushi, Phys. Rev. D 67, 063515 (2003); J. Garriga and A. Pomarol, Phys. 
Lett. B 560, 91 (2003); A. Knapman and D.J. Toms, Phys. Rev. D 69, 044023 (2004); A. A. 
Saharian, Phys. Rev. D 70, 064026 (2004). 

[13] A. Flachi and D.J. Toms, Nucl. Phys. B610, 144 (2001); A. A. Saharian, Nucl. Phys. B 
712, 196 (2005). 

[14] S. Nojiri, S. Odintsov, and S. Zerbini, Class. Quantum Grav. 17, 4855 (2000); N. Kaloper, 
J. March-Russell, G.D. Starkman, and M. Trodden, Phys. Rev. Lett. 85, 928 (2000); 
CD. Starkman, D. Stojkovic, and M. Trodden, Phys. Rev. Lett. 87, 231303 (2001); 
G.D. Starkman, D. Stojkovic, and M. Trodden, Phys. Rev. D 63, 103511 (2001); W. Naylor 
and M. Sasaki, Phys. Lett. B 542, 289 (2002); I.G. Moss, W. Naylor, W. Santiago-German, 
and M. Sasaki, Phys. Rev. D 67, 125010 (2003); A. Flachi and O. Pujolas, Phys. Rev. D 68, 
025023 (2003); A. Flachi, J. Garriga, O. Pujolas, and T. Tanaka, JHEP 0308, 053 (2003); 
A. A. Saharian and M.R. Setare, Phys. Lett. B 584, 306 (2004); J.P Norman, Phys. Rev. 
D 69, 125015 (2004); W. Naylor and M. Sasaki, Prog. Theor. Phys. 113, 535 (2005). 

[15] A. A. Bytsenko, G. Cognola, and S. Zerbini, Nucl. Phys. B458, 267 (1996); S. Zerbini, G. 
Cognola, and L. Vanzo, Phys. Rev. D 54, 2699 (1996); G. Cognola, E. Elizalde, and S. 
Zerbini, Phys. Lett. B 585, 155 (2004). 

[16] P. Candelas and D. Deutsch, Proc. R. Soc. London 354, 79 (1977); A. A. Saharian, Class. 
Quantum Grav. 19, 5039 (2002); R.M. Avagyan, A. A. Saharian, and A.H. Yeranyan, Phys. 
Rev. D 66, 085023 (2002); A. A. Saharian, R.S. Davtyan, and A.H. Yeranyan, Phys. Rev. D 
69, 085002 (2004); A. A. Saharian and M.R. Setare, Class. Quantum Grav. 21, 5261 (2004); 
A.A. Saharian, R.M. Avagyan, and R.S. Davtyan, hep-th/0504189. 

[17] R.B. Mann, Class. Quantum Grav. 16, L109 (1997); L. Vanzo, Phys. Rev. D 56, 6475 
(1997). 

[18] C.G. Callan, R.C. Myers, and M.J. Perry, Nucl. Phys. B311, 673 (1988). 

[19] A. Erdelyi et al., Higher Transcendental functions, McGraw Hill, New York, 1953, Vol. 2. 

[20] T. Gherghetta and A. Pomarol, Nucl. Phys. B586, 141 (2000). 



14 



[21] R. Camporesi, Phys. Rep. 196, 1 (1990). 

[22] E. Elizalde, S.D. Odintsov, A. Romeo, A. A. Bytsenko, S. Zerbini, Zeta Regularization 
Techniques with Applications, World Scientific, Singapore, 1994. 

[23] E. Elizalde, J. Math. Phys. 31, 170 (1990); J. Phys. A 22, 931 (1989). 

[24] P. Candelas, Phys. Rev. D21, 2185 (1980); V.P. Frolov, I.D. Novikov, Black Hole Physics, 
Kluwer Academic Publishers, Dordrecht, 1998. 

[25] N. D. Birrell, P. C. W. Davies, Quantum Fields in Curved Space, Cambridge Univ. Press, 
Cambridge, 1982. 



15 



